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There is much experimental and mathematical work that describes chemical trans-
port from multilayered films of planar geometries. There is less so, however, for chem-
ical transport from multilayered spheres, a common structure for controlled-release
materials. Based on the Sturm-Liouville approach of Ramkrishna and Amundson
(1974), explicit analytical solutions for the concentration profiles and release kinetics
from spherical capsules are presented. Fluorescent dye-release studies using single-
shelled microspheres called nanoparticle-assembled capsules were performed to vali-
date the model for uniformly and nonuniformly sized capsules. The combined experi-
ment-modeling approach allows optical microscopy images and release measurements
to be readily analyzed for estimating diffusion coefficients in capsule core and shell
walls. © 2009 American Institute of Chemical Engineers AIChE J, 55: 2950-2965, 2009
Keywords: mass transfer, nanotechnology, mathematical modeling, controlled release
formulations, composite materials

Introduction

The availability of new types of materials with engineered

composition, porosity, internal gradation, and morphology is

providing exciting opportunities in encapsulation and deliv-

ery applications, like in the biotechnology arena. Unilamellar

and multilamellar vesicles, for example, have long been
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studied as drug and chemical delivery agents,"? in which the
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diffusive transport of molecules across the vesicle(s) mem-
brane(s) is the common mode for drug release.”™ Other
shell-like spherical structures, such as layer-by-layer-
assembled capsulesé_8 and nanoparticle-assembled capsu-
les,””'? are also possible encapsulation and delivery agents,
with chemical release from these constructs demonstrated
experimentally. The synthesis of spherical structures from
the cross-linking of polyelectrolytes'” to encapsulate whole
cells,' enzymes and other proteins,lS*22 is a common prac-
tice to preserve biological or catalytic activity. In drug deliv-
ery applications,23_27 spherical structures can be in the
form of solid lipid particles,”® chitosan nano and micro-
spheres,”* cross-linked polysaccharide microspheres,® >’
and alginate microspheres.'®*'*%* Block copolymers are
particularly suitable for the construction of spherical shell
micelles,**™*® because their physical and chemical properties
can be controlled by adjusting the size and ratio of the con-
stituting blocks,**™>? as well as by physical-chemical agents
such as temperature>*>> and pH. %

The characterization of the release kinet-
jeg?1:22:33.34.40.44.46.47.58-62 g0 delivery structures is of pri-
mary importance for therapeutic applications, and mathemat-
ical modeling provides insights into the transport properties
of these spherical materials, as a necessary complement to
the experimental data. Mathematical modeling for drug
release started with the Higuchi equation for planar struc-
tures,% later extended to spherical geometries.®* These equa-
tions, or variants of them, are still broadly applied to interpret
experimental data in drug release kinetics.*>%>%% In particu-
lar, the Higuchi model relies on oversimplifying assumptions,
such as a constant concentration gradient to drive the Fickian
diffusion process, as reflected in the square-root time depend-
ence for the release kinetics in the planar geometry case.®®
This description, whose main advantage is to keep simplicity
in the analytical equations, is approximately correct for ini-
tial/intermediate times, but not for the long time behavior.
Indeed, most experimental studies?!33:40:44.58.60-62.68 o1\ an
asymptotic plateau in the fraction of substance released for
sufficiently long times. This feature may be attributed to the
continuous decrease in the concentration gradient between
the delivery structure and the surrounding medium due to the
gradual depletion of the capsule.

There exist more detailed mathematical models which suc-
cessfully describe this effect,®”**® including numerical
simulation studies,”’””® which typically consider uniform
spherical spheres, described by a constant or a time-depend-
ent effective diffusion coefficient. The majority of these
models require numerical integration, with a few exceptions
expressed in terms of closed analytical solutions (727367,
None of these analytical models can be applied to spheres
with one or more shells.

Significant effort has been invested to describe in more
detail the drug release process in polymeric structures, by
considering a mechanism with different steps,”>**™ and
Monte Carlo simulations®** to take into account the poly-
mer matrix degradation. Perhaps the complexity of these
approaches has limited their practical use, as compared to
simpler analytical models like the Higuchi equation.

For microcapsules with one and more layers (or shells), a
mathematical description that considers different effective
diffusion coefficients for each layer is more appropriate than

AIChE Journal November 2009 Vol. 55, No. 11

Published on behalf of the AIChE

assuming uniform materials properties. This approach has
been previously implemented and solved numerically for
skin in a planar geometry.*®®” To our knowledge, however,
no analytical solutions have been presented for the release
kinetics in multilayered spherical geometries.

In this article, we present the analytical solution for a
mathematical model that describes unsteady-state transport
from multilayered spheres. Our analysis builds on the formal-
ism of Ramkrishna and Amundson,®® which was originally
proposed for one-dimensional problems. In this form, it has
been applied to model electrophoretic transport,89_91 micro-
wave heating”' and reaction-diffusion’’ in one-dimensional
geometries. The method is based on the finite Fourier-trans-
form expansion of eigenfunctions of self-adjoint, second-
order Sturm-Liouville operators with discontinuous coeffi-
cients. This differs from other approaches based on Laplace
transforms”> or semianalytical methods.”® The formalism of
Ramkrishna and Amundson has been generalized to include
curvature effects,”**> and applied in the context of heat con-
duction through multilayered cylinders and spheres,”® and
diffusion in cylindrical membranes.”” To validate our analyti-
cal model with experimental dye-release results, we used
nanoparticle-assembled microcapsules (NACs), a composite
material comprised of a single layer (a polymer/nanoparticle
shell with macroscopically uniform properties) surrounding a
polymer/water interior, recently created in our laboratory.”™""!

Experiments
Materials

Polyallylamine hydrochloride (PAH, 70,000 g/mol, ~750
allylamine units per molecule), fluorescein sodium salt, pre-
mixed phosphate buffered saline (PBS) salt mixture and gly-
cine were purchased from Sigma-Aldrich. The premixed
PBS salt was dissolved in deionized (DI) water to prepare
the PBS buffer solution (pH = 7.4, ionic strength I = 165
mM). Glycine and NaOH buffers were prepared for a wide
range of pH values (8.5 through 10.3) by mixing 0.2 M gly-
cine and 0.2 M NaOH solutions made with DI water. Triso-
dium citrate dihydrate salt (citrate), NaOH pellets and 1 N
HCI solution were obtained from Fisher Scientific. An aque-
ous colloidal suspension of silica NPs (Snowtex-O, 20.5 wt
% silica, pH 3.5, ionic strength I = 16.9 mM)) was kindly
provided by Nissan Chemicals. These NPs have a diameter
of 13 £ 3 nm based on dynamic light scattering and a zeta
potential value of —16 mV (Henry’s equation) by electro-
phorectic measurements.'' Deionized water from a Barnstead
Nanopure Diamond System (18.2 MQ) was used to prepare
all the solutions.

Synthesis of dye-encapsulated NACs

NACs were synthesized by first mixing 14 ml of 5 mg/ml
of PAH solution with 35 ml of 14.2 mM citrate solution in a
250 ml beaker under gentle magnetic stirring (speed “4” of
0 through 10) for 10 s. The resulting suspension turned tur-
bid instantly indicating the formation of polymer-salt aggre-
gates. After aging these aggregates for 20 min, 35 ml of a
1 mg/ml fluorescein sodium salt (‘“Na-Flu”) dye solution
was added under gentle magnetic stirring for 10 s. This mix-
ture was aged for another 10 min and 35 ml of 1.2 wt %
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Figure 1. Schematic showing the synthesis of fluorescein-encapsulated NACs, with the shell made of NPs and

polymer.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

silica NP suspension (prepared by diluting with DI water
and adjusting the pH to 3.5 with 1 N HCI solution) was
added. The resulting mixture was stirred vigorously (speed
“7”) for 10 min and aged for 2 h to form Na-Flu-encapsu-
lated NACs. A schematic of this mixing synthesis process is
shown in Figure 1.

Dye release study

Before performing the dye release experiments, NACs
were cleaned to remove the excess Na-Flu. The cleaning
was performed by dispersing the NACs (by sonication for
30 s and stirring), and separating them by centrifugation
(Beckman-Coulter Allegra X-22 centrifuge at 6000 rpm for
7 min). All the supernatant was carefully removed and cap-
sules re-dispersed in 30 ml of PBS buffer solution. Another
round of centrifugation was performed to ensure complete
removal of any superficial Na-Flu. The supernatant was care-
fully decanted and NACs were redispersed in 30 ml of PBS
to begin the dye release studies. The NACs solution was
quickly pipetted into 1.5 ml aliquots and placed on a rocking
platform to ensure that the capsules do not settle. At various
intervals the aliquots were centrifuged for 5 min and UV-vis
was performed on the supernatant to quantify the dye
released (Supporting Information Fig S1). The amount of
Na-Flu remaining in the capsules was also determined by
breaking NACs with 1 N NaOH solution and performing
UV-vis for mass balance verification. The mass balance of
dye was found to be within 93% for all samples. The total
amount of dye (capsule and supernatant) was found to be
1.5 pg in each aliquot. It should be noted that we assume
dye release does not stop during the centrifugation, for
which is accounted.

Characterization techniques

UV—vis Spectroscopy. A Shimadzu 2401-PC UV-vis
spectrophotometer and standard poly(methyl methacrylate)
cuvettes with a path length of 1 cm were used.

Optical and Fluorescence Microscopy. Optical and fluo-
rescence microscopy images were collected with a Leica
DM2500 upright microscope equipped with 100x oil immer-
sion objective (Numerical Aperature 1.4). Fluorescence
images of NACs were collected through a FITC filter box.
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Confocal Microscopy. A Zeiss LSM 510 laser scanning
confocal microscope utilizing a 63X Plan-Apochromat, (Nu-
merical Aperture 1.4) was used to collect fluorescence image
slices of the capsules.

Scanning Electron Microscopy. Scanning electron mi-
croscopy (SEM) was carried out using FEI Quanta 400 field
emission scanning electron microscope. Secondary electron
images of NACs were taken at 20 kV electron beam with a
working distance of 10 mm. The NACs suspension contain-
ing dye were washed twice with water, loaded on an alumi-
num stub and dried. The sample was sputter-coated with
gold for 1 min (~25 nm of Au film) prior to imaging.

Coulter Counter. Capsule diameter distribution and the
volume fraction of the capsules in the suspension was meas-
ured with a Beckman Coulter counter having an orifice diame-
ter of 100 um. The lower limit for measuring sizes for this ori-
fice was 2 um. The instrument calibration was verified by
measuring 10 um standard latex beads. The diameter of capsu-
les was measured by diluting ~10 pul of the NACs PBS suspen-
sion in 20 ml of aqueous Isotone solution (composition: 7.93
g/l NaCl, 0.38 g/l Na,EDTA, 0.40 g/1 KCI, 0.19 g/l H,NaPO,,
1.95 g/l HNa,POy,, 0.30 g/l NaF; Beckman Coulter).

Quartz Crystal Microbalance with Dissipation Monitor-
ing. A quartz crystal microbalance with dissipation moni-
toring (QCM-D; Q-sense E4) was used in this study. Gold-
coated quartz crystal sensors were used (also from Q-sense).
The resonance frequency of the crystal sensor was 4.95 MHz
+ 50 kHz and was excited during experimentation at the
fundamental frequency, as well as the 3rd, 5th, 7th, 9th,
11th, and 13th overtones (15, 25, 35, 45, 55, and 65 MHz,
respectively). The Sauerbrey equation relates change in fre-
quency of the oscillating sensor to the change in adsorbed
mass on the sensor by the following equation: Am =
—CeAf/v where Am is the change in mass, or mass of the
deposited film; C is a constant (= 17.7 ng em? Hz ! at fu=1
= 5 MHz), Af is the change in frequency of the oscillating
system, and v is the overtone number. Solutions of aqueous
PAH and Na;Cit were vortexed together for 10 s and aged
for 10 min. This suspension was then flowed through the Q-
sense E4 chamber with the mounted sensor for about 25 h.
Milli-Q water was then passed through the chamber to rinse
off any excess polymer-salt from the surface of the sensor
for ~30 min, which was then followed by an aqueous solu-
tion of Na-Flu through the chamber for 8§ h.
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Figure 2. Geometry of single-shell capsule.

Different diffusion coefficients D;, D, are considered for
the core region (r < R;) and shell region (R; < r < Ry).
The concentration at the external surface, Cs, is differenti-
ated from the bulk concentration, Cy, due to the presence of
an external boundary layer.

Results and Discussion

NACs were chosen over other capsular types because their
structure is robust enough to be handled under wet and dry
conditions; their composite shell wall has previously been
shown to have semipermeability characteristics; and shell
properties can be controlled readily at the synthesis level.”!!
This nanostructured material has a thick (hundreds of nano-
meter), semipermeable shell composed of NPs held together
by the oppositely charged PAH polymer, and a core that
contains the polymer-salt aggregate. The structure is thus
modeled as a single-layer sphere with inner and outer radii
R, < R, (Figure 2), which we assume to be unchanged over
time. This assumption neglects volume changes due to poly-
mer matrix degradation® or swelling effects in the capsule
interior. Different diffusion coefficients of a given molecular
compound will be considered, D, for the core region (poly-
mer/salt matrix) and D, for the shell region (polymer/NP
composite). We will assume that the external liquid medium
is well mixed, and acts as a perfect sink with a bulk concen-
tration Cp. In general, due to the external mass transfer re-
sistance imposed by the boundary layer which surrounds the
capsular structure, the bulk concentration may differ from
the external surface concentration Ci.

In polymeric structured microcapsules, the solubility of the
drug may differ in regions with different polymer concentra-
tions,”®?" thus affecting the encapsulation efficiency and the
release rate. This effect can be described by a partition coeffi-
cient to relate the concentrations of the encapsulated drug at
both sides of an interface. Partition coefficients are also im-
portant for drug encapsulation in lipid vesicles'® and other
micro-emulsions,'®" and in polymer-lipid microcapsules,78 all
of them possessing approximately spherical geometries. In
our model, we will assume a partition coefficient Py, to define
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the ratio between the concentrations of the encapsulated sub-
stance at both sides of the interface at r = Ry, and a partition
coefficient Py, between the shell region and the bulk fluid.

Based on this simplified picture, we will present analytical
solutions for a model of diffusive release from solute-con-
taining NACs by considering two different types of bound-
ary conditions.

As depicted in Figure 2, the diffusion coefficients for the
drug in the core and shell materials are different, and
assumed to have constant effective values D; and D,,
respectively. This situation can be mathematically stated as

ot = { ot

We look for the concentration profile C(r,) inside the
microcapsule, from the solution of the partial differential
equation

0 < l‘<R|

Ri<r <R, M

10 e aC
Ty (1'2D(r) 5) == )

ot
We assume that initially, the substance is distributed
between core and shell with a ratio ¢ > 1. This is repre-
sented by the initial condition

C(] OSV<R1

C(rJ:O):{GC() Ry <r <R, (3)

The continuity conditions at the interface r = R; are given
by

C(r = Ry) =PpC(r=RY)
ac ac )

o (r=Ry) :ng(" =RY)

Dy
Here, Py, represents a partition coefficient for the diffus-
ing solute between the core and shell materials.
As the origin r = 0 is included in the domain of the prob-
lem, it is necessary to consider the additional condition

lim C(r,7) = finite ©)

For the external boundary condition, we consider that
release from the drug-containing microcapsule structure
occurs within a flow field. Therefore, the overall mass trans-
fer must account for convection through the boundary layer.
The relative importance of diffusion over convection is given
by the Péclet number,'”> Pe = Re Sc. The Reynolds and
Schmidt numbers are defined by Re = V(2R,)/up and Sc¢ =
u/pDy, respectively, where V, u, and p are the fluid velocity,
viscosity, and density, and Dy is the solute diffusion coeffi-
cient in the fluid. At relatively small Pe values, interfacial
mass transfer can be considered to occur through a thin
boundary layer,'® and modeled by a mass transfer coeffi-
cient k.. Assuming a partition coefficient P, between the
shell and the bulk fluid, the appropriate boundary condition
for this situation is

DOI 10.1002/aic 2953



ocC
7D2§(R2, t) = kc(PZbC(R27t) - Cb) (6)

Here, Cy, is the external bulk concentration as depicted in
Figure 2, which is assumed to be approximately constant
over the experiment. This approximation is justified by
the small volume fraction of capsules that was found to be
Vcapsules/Vsuspension = 0.18 (ml)/30 (ml) = 0.006 based on
Coulter counter measurements. As a result the concentration
of the solute goes from O for the initial time point to a maxi-
mum of only 0.5 pg/ml (or 0.5 ppm) at steady state. (Sup-
porting Information Table S1).

The steady-state solution of Eq. 2 corresponding to the
boundary condition Eq. 6 is given by C*(r),

ﬁ—j:Cb 0<r <R
Co(r)=1q ©)
5—21 Ry <r <R,

To solve the general unsteady-state problem, it is conven-
ient to define the dimensionless concentration

®(x,7) = (C(r,1) = C(r))/Co, ®)

with C¥(r) defined by Eq. 7. The boundary condition Eq. 6 in
dimensionless form becomes

(g—(}:(l,r) = —Bi P»®(1,1). )
Here, Bi = k.R, / D, is a mass transfer Biot number based
on the external radius of the microcapsule and the shell dif-
fusion coefficient. The Biot number is directly proportional
to the Sherwood number Sh = k.R,/D; = Bi D,/D;. Classical
dimensional analysis102 shows that Sh =~ (Re Sc)l/3 ~ Pe's,
indicating it is a measure of the mass transfer resistance
imposed by the external boundary layer; the same argument
applies for the Biot number. Eq. 9 technically corresponds to
a Robin boundary condition'®; dividing both sides by Bi
and taking the limit Bi — oo leads to a Dirichlet boundary
condition ®(1,7) = 0. Thus, Eq. 9 describes a general situa-
tion of imperfect fluid mixing, and the limit Bi — oo repre-
sents the ideal-mixing case.
As shown in detail in Appendix, we obtain the analytical
solution

O(et) = > Bilk) Kl - Qﬁ) (Sin(xn/ﬂ) 3 cos (V)

Py, Co Ak A

k=1

)

1—x cos((l —xl)\/m> sin((l —Xl)m)

1 Gy
- —— P
-+ (O‘ P Co) 1200k

2]y - ]V
e 1 —cos((l —x1) /lk/y) X sin((l—xl)\/ik/y) e
_ | n ﬂ e n(x) (10)
I—PZbBl )A/V /Lk/y)
Here, the eigenvalues 1, k = 1,2, ... ,00 are obtained as The eigenfunctions vi(x) in Eq. 10 are defined as

the (infinitely many) solutions of the characteristic equation
(Appendix)

sin (1, /7) :%ﬁ%‘w (11)
with .
M[z(i) = P|2 [H%COS((l *X]) )L/')))

— sin((l - xl)M)}
My (L) = Vx; cos (xl\/z) — sin(xl\/Z)

Mo (L) = y{\/%xl cos((l —x1) X/y)

Jrsin((l —x1) )./y)+

vl

1— Py Bi
x{\/%xlsin((l—xl) i/y)—cos((l—xl) /1//)}} (12)
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(Appendix)

Vk(X) = Bl (Ak)

Vi) < x <X
X si 1—x)7/ 2 /]y Ji/y cos| (1—x /Y
o[V o)
(13)

Here, the constants o are defined by (Appendix)

e
_ sin(xl\/ﬂ)
Pi [Sin((l - xl)m) - l\,/,f?/j;icos((l - Xl)m)]

(14)

and the coefficients B (1;) are given by the equation
(Appendix)

November 2009 Vol. 55, No. 11 AIChE Journal



i o300
sin(201v/74/7)
2/
cos(z\/M(l —xl)) 1
i 2(1 = P Bi)
sin (2x1 m)
2/

1
—‘rO(,%Plz E 1—x —

-1/2
)1

= 1-x+
(1 — Py Bi)*2 '

(15)

The concentration profile C(r,f) is obtained from Eq. 8 in
terms of CD(r/RZ,tDl/R%), which is defined by Eq. 10

C(r,1) _ C%(r)

Ce e + ®(r/R2,tD1 /R3) (16)

Fractional release rate

One of the advantages of possessing an exact analytical so-
lution for the concentration profile predicted by our model, is
that it is relatively straightforward to derive analytical expres-
sions for other variables of interest. In particular, for drug
delivery applications, it is important to calculate the frac-
tional release as a function of time, as defined by the ratio

M(2)

Fractional release = ——~ (17)
oo

Here M(t) is the total mass of the substance released up to
time ¢, whereas M, corresponds to the maximal amount of
substance which can be released (t — 00).

An elementary mass-balance equation relates the rate of
change in the amount of mass released from the microcap-
sule, with the mass flux at the surface, as follows

%I—///%—f‘”’ :—///V-(DVC)dV

Veapsule Veapsule
- ocC
-
Scapsule

The differential Equation (18) is integrated to obtain the
total mass released up to time ¢, which is given by

t
M(t) = —4nR3D; g—f (Ry,7)dl (19)
0

Therefore, taking the appropriate ratio, a formula for the
fractional release as defined in Eq. 17 is obtained

9 (r,0)dr

(20)
9 (r,t)dr

-

<
8
S —glo—~
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By inserting the concentration profile defined by Eq. 16
into Eq. 20, we obtain an analytical expression for the frac-
tional release

D

Py
ARZ
2

o0
Z “kBIU%')(vk’ @)06

M(t - VA
o |5 on
00 B (7,
ZMI—\/%WW’@O

k=

Here, the coefficients o are defined by Eq. 14, the B (/)
by Eq. 15, and the eigenvalues /; are obtained from Egs. 11
and 12. The coefficients (v;, ®)¢ are defined by (Appendix)

(i, @)
oo[(1-528) (252 =)

1 —x cos((l —x1) ik/y) sin((l *M)\/T/”/)

+ Praoy -

2]y Ay
VA
1 — Py, Bi
l—cos((l—xl)\/).k/y) X sin((l—xl) /Ik/y)
X - +
iy ]y

(22)

We notice that Eq. 21 corresponds to an (infinite) linear
combination of exponential decays, a mathematical structure
which is common in the solution of heat and mass transfer
problems.lm_lO6 As the eigenvalues A, obtained after Eq. 13
are monotonically increasing positive numbers, the series
converges for a finite number of terms. This feature can also
be used to obtain simplified forms of Eq. 13 which can be
applied as empirical models to fit experimental data, as dis-
cussed in Supporting Information.

From a numerical evaluation of Eq. 21, we noticed that
under well mixed conditions (Bi > 1), the most relevant pa-
rameter controlling the steepness of the saturation curve is
1 = D,/Dy, the ratio between the shell and core effective dif-
fusion coefficients. The reason for this is that an increase in
the shell diffusion coefficient D, corresponds to a faster
release of the encapsulated substance, and vice versa. Thus,
this suggests that the release rate could be controlled by en-
gineering the material properties of the shell that affect dif-
fusion, for example, by tuning shell porosity using different
sizes of the NPs that make up the shell.

Experimental analysis of dye-containing
capsule structure

To compare our model predictions of the fractional release
rate with experiments, the following parameters were required
to be estimated from experiments: (i) x;, the ratio between the
inner and outer radii, (ii) P,, partition coefficient between
the polymer-salt aggregate and the interior of the shell, (iii)
P>y, the partition coefficient between the outer shell surface

DOI 10.1002/aic 2955



Figure 3. (a) Differential interference contrast optical image and (b) corresponding fluorescence image of Na—Flu
encapsulated NACs. (c) Confocal microscopy image showing the three regions in Na—Flu encapsulated

NACSs. Scale bars: 10 ym.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

and the bulk, (iv) o, the ratio between the initial shell and
core concentrations and (v) the mean capsule diameter and
distribution. Optical DIC and fluorescence microscopy images
of the Na—Flu encapsulated NACs were collected to estimate
the first four parameters (Figures 3—5). The mean capsule di-
ameter and distribution was determined by Coulter counter
that was supported with SEM images (Figure 6).

The brightfield image in Figure 3a shows that the capsules
had a thick shell wall and, occasionally, an off-center core,
and the fluorescence image in Figure 3b suggests that the
dye molecules were located throughout the capsule structure,
with the negatively-charged dye associated with the posi-
tively-charged PAH polymer. With confocal microscopy pro-
viding cross-sectional imaging capability not available in flu-
orescence microscopy, the dye molecules were found located
within the shell and polymer-salt regions of the capsules
(“1” and “2,” respectively, in Figure 3c) and not in these
off-centered, polymer-free cores (““3,” Figure 3c). Though
the actual internal NAC structure unexpectedly differs from
the presumed capsule structure (Figure 2), we make the
assumption that the nondye-containing region does not affect
the release of dye from the rest of the capsule.

Estimation of the shell thickness and the parameter “x;”
can be performed using optical images of the capsules, but
the fluorescence contrast between regions 1 and 2 is too
slight to resolve (Figures 3b, c). However, we addressed this
problem by suspending the capsules in glycine-NaOH buf-
fers of varying pH values and collecting their fluorescence
images (Figure 4). We anticipated that some higher pH value
would cause the polymer-salt aggregate inside the capsule
(region 2) to disassemble completely (due to neutralization
of the PAH), thereby revealing the location of the inner shell
wall. We found a pH of ~9.6 to be most appropriate for dis-
assembling region 2 and not region 1 (the shell).

The shell thickness was determined by collecting intensity
line profiles across the fluorescence image of capsules dis-
persed in pH 9.6 and measuring the average distance
between the intensity midpoints on both sides of the left-
hand and right-hand peaks (Figure 5a). The shell thickness
was thus measured for 75 capsules of various sizes, resulting
in the interesting observation that larger NACs had thicker

2956 DOI 10.1002/aic
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shells (Figure 5b). The thickness-capsule diameter correla-
tion was a linear one, yielding a slope from which the value
of x; was calculated. The values of the partition coefficients
Py, and P,, were also determined from the line profile anal-
ysis shown in Figure 5. Ratio P, was estimated by taking
the average of the intensity ratios between shell and the core
for all 75 particles, yielding P, = 0.648; the ratio between
the initial shell and core concentrations ¢ was estimated as
o ~ 1/P,. Ratio P,, was estimated similarly from intensity
ratios between shell and the bulk (P, = 0.126).

Finally, the mean particle size and distribution of the cap-
sules were estimated. Measuring the capsule size from optical
images (Figure 3) would yield incorrect, skewed values
because capsules below ~0.5 um cannot be resolved with op-
tical microscopy. On the other hand, SEM images (Figure 6a)
can clearly resolve capsules from tens of nanometer to
microns covering the entire range of capsule sizes. The cap-
sule diameter distribution determined from SEM images gave
a mean size of 3.12 £+ 0.42 um (relative standard deviation,
RSD = 0.42/3.12 = 13.5%) based on a lognormal distribution
fit of the data (Figure 6b). There was, however, a concern
about capsules contracting when dried for SEM imaging, as
was observed for other NAC materials.'® To address this
issue, we measured the diameter distribution of “wet” capsu-
les using a Coulter counter. The Coulter counter allows for
size distribution measurements of capsules in their wet state
and with high statistical count (~33,000 capsules). Although
capsules below 2 um could not be sized, a lognormal distribu-
tion reasonably fit the collected data (Figure 6b). The mean
size was 3.8 £ 0.54 um (RSD = 14.2%), suggesting that the
capsule diameter shrunk by ~18% after drying. The similarity
in size distribution shape and the closeness in relative stand-
ard deviations for the wet and dry capsules gave confidence
that the mean capsule diameter of 3.8 4+ 0.54 um accurately
describes the size distribution of the dye-containing NACs.

Comparing experimental dye-release kinetics
with our mathematical model

To compare the experimental release kinetics with the pre-
dictions of our analytical model, a characteristic radius for
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Figure 4. Fluorescence images of NACs dispersed in PBS and in glycine buffers of pH 9, 9.6, and 10.3, for shell

thickness estimation purposes.

Scale bars: 10 um. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

the microcapsules has to be defined. Our microcapsules were
inherently polydisperse, with size distribution represented in
Figure 6b. The particle size histogram in Figure 6b satisfies
a lognormal distribution g(R,), with average size (R;) =
1.89 pum and standard deviation w = 0.54 um. Considering
that the mass released by the diffusion mechanism is propor-
tional to the external surface of the microcapsules, 4ATR2, we
weighted the size distribution by this factor to define the sur-
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Figure 5. (a) Schematic of shell thickness analysis. (b) Correlation between particle size and shell thickness based
on intensity line profiles of NACs at pH 9.6 (shown in Figure 4).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

AIChE Journal November 2009 Vol. 55, No. 11

Published on behalf of the AIChE

DOI 10.1002/aic 2957



(b)

Coulter counts

400 80
| Coulter | SEM
Mean | 3.80 | 3.12
300 - Std.dev.| 054 | 042 460
a2
® Coulter-Data 5
200 - — Coulter-Fit 140 §
4 SEM-Data g
— — SEM-Fit .
100 - L 20
0 0

10
Capsule diameter (um)

Figure 6. (a) Scanning electron microscope (SEM) image of NACs and (b) Capsule diameter distribution data from
SEM images and Coulter counter measurements fitted to log-normal distribution.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

In Figure 7, we present the experimental release kinetics
from our capsules. In the same figure, we present the predic-
tion of our theory after Eq. 21, for a system of monodisperse
capsules with surface-weighted radius R, = 3.055 um calcu-
lated from Eq. 23.

A more rigorous, however mathematically more involved,
way of taking into account polydispersity in our model is to
average the release rate according to the formula

R2. max
| R3g(Ry) MR R,
M(t) R min x
M - R max (24)
. | R3g(R2)dR,
R min

We notice that this definition, as expected, improves the
agreement with the experimental data, as compared to the
previous calculation considering an equivalent monodisperse
system with surface-weighted radius R,, as defined in
Eq. 23. Indeed, after taking into account polydispersity
effects with Eq. 24, the model predictions are within error
bars for the majority of data points.

Our model reproduces the asymptotic plateau in the
release kinetics as observed in ours and also in other
experimental systems previously reported in litera-
ture, 2!+33:4044.38.60-62.68 This important feature, which is cap-
tured by Eq. 21, is clearly a consequence of the gradual
depletion of the microcapsule: As the amount of substance
inside the capsule diminishes, as observed in the concentra-
tion profiles (Figure 8), the concentration gradient between
the microcapsule and the external fluid diminishes, and so
does the mass flux, according to Fick’s law, until an equilib-
rium distribution governed by the partition coefficients of
the solute between the shell and core, and the external fluid
is achieved. This plateau effect cannot be reproduced by
simplistic models such as the Higuchi equation,63 which
assumes a constant concentration gradient between the cap-
sule and the external fluid (see Supporting Information for a
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discussion on the performance of this and other simplified
models to fit our experimental data). Another salient feature
of our model over previous analytical approaches for drug
delivery is that it is able to capture the influence of the core-
shell geometry of our spherical capsules in their transport
properties. This is reflected in the dependence of the release
kinetics on the value of y = D,/D;, and on the shell thick-
ness characterized by the parameter x; = R{/R>.

1.2

[} _ -

b4 ° o

[}

% ® Experimental

o --- Eq. (21)

= - Eq. (24)

[

i)

d

[T}
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L

L

0 T
0 100 200
Time (min)
Figure 7. Experimental release profile, obtained as an

average from three independent release stud-
ies, displayed with error bars.

Also shown is the prediction by our model Eq. 21, with pa-
rameters estimated from optical microscopy images: x; =
Ri/R, = 0.6506, P1, = 0.648, P, = 0.126, ¢ = 1.54. The
parameters fitted where y = D,/D;, the core diffusion coef-
ficient Dy, and the Bi number. The dashed line represents
the model Eq. 21, evaluated at the surface-weighted radius
R, = 3.055 pm, for optimal fit values of y = 0.7, D; = 13
x 107'% (m?/s), and Bi = 1000. Also shown, by the solid
line, is the correction obtained by averaging the results of
Eq. 21 over the different particle sizes, by employing the
histogram in Figure 6b according to Eq. 24.
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Figure 8. Normalized concentration profiles, at differ-
ent times, predicted after Eq. 16.

The parameters estimated from experiments were used: x;
= R/R, = 0.6506, P, = 0.648, Py, = 0.126, ¢ = 1.54.
The surface-weighted radius R, = 3.055 um was calculated
after Eq. 23. The values y = 0.7, D; = 13 X 1071 (m?/s),
and Bi = 1000, obtained from the release curve in Figure 7,
were used. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

From the experimental fit, we were able to obtain experi-
mental estimations for three physical parameters as free pa-
rameters through least-squares method fitting: the ratio
between the outer shell and inner core effective diffusion
coefficients y = D,/D; = 0.7, the effective diffusion coeffi-
cient for the core D; = 13 x 107! (m%s), and Bi = 1000.
This procedure required evaluating the series Eq. 21 at each
time, and iterate for the values of D, y, and Bi which mini-
mize the square of the error with respect to the experimental
data points. In the evaluation of the series, we found that
truncation up to 50 terms was enough to achieve conver-
gence within machine precision 10~'*. The very large Bi
number indicated that the experimental boundary layer mass
transfer resistance was negligible. Indeed, in numerical eval-
uation of Eq. 21, for Bi ~ 1000 or larger the fractional
release becomes independent of this parameter, and thus the
results reduce to the case of negligible boundary layer resist-
ance.

From these values, we estimated the effective diffusion
coefficient in the shell as D, = 9.1 x 107'° (mz/s). These
small values, which represent a phenomenological rather
than a molecular property, are close in order-of-magnitude to
that observed in experimental drug delivery systems for dif-
fusion of fluorescein from other polyelectrolyte spherical
capsular materials, 10~ '® m?/s.'°”-'% Both core and shell dif-
fusion coefficients were of the same order of magnitude, as
expected on physical grounds from the experimental estima-
tions for the partition coefficient between shell and core,
P, = 0.648.

Finally, to provide experimental validation of the diffusion
coefficient of the core, we studied the diffusion of sodium
fluorescein through polymer-salt matrix films through the
QCM-D technique. This mass-based measurement approach
allowed for highly sensitive quantification of dye adsorption
by the films. Based on the dissipation values, the film could
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be assumed to be a rigid, nonviscoelastic film, allowing the
Sauerbrey model to be properly applied for mass and thick-
ness calculations'® (manuscript in preparation). The calcu-
lated thickness of the deposited PAH/cit film was ~150 nm.
By assuming one-dimensional molecular transport for Na—
Flu through the film and using Fick’s second law, we
derived a diffusion coefficient of ~107'" m?/s, which was in
good agreement with the measured diffusion of rhodamine
dye in layer-by-layer-assembled polyelectrolyte films.'""

Conclusions

Extending the general mathematical formalism introduced
by Ramkrishna and Amundson,®® an analytical solution to
describe unsteady-state mass transport from spherical capsu-
les comprised of multiple shells was derived, by accounting
for the shells and core via effective diffusion coefficients. It
successfully captured the asymptotic plateau effect of diffu-
sive release, as verified by experimental data of dye release
from single-shell nanoparticle/polymer capsules. Modeling
further captured the observation that capsule dye concentra-
tion diminished with time but did not deplete completely,
and the effects of capsule diameter and shell thickness distri-
bution on dye release. Special sample preparation and char-
acterization procedures were developed for analyzing sus-
pension of micron-sized, dye-containing capsules via optical
fluorescence microscopy. This resulted in new structural in-
formation about the nanoparticle-assembled capsules, such as
the presence of a polymer-free region within the polymer/
salt network in the capsule interior, and the linear depend-
ence of shell thickness on capsule diameter. The analytical
model allowed for diffusion coefficients in the capsule shell
and core to be estimated, which were found comparable to
experimental values for the similar systems reported in the
literature. The modeling approach presented here can be
extended as a useful tool for analyzing multi-layered capsu-
lar materials and chemical reaction-transport scenarios.
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Notation

B, B, = coefficients in the eigenfunctions expan-
sion, Eq. 10.
c(x) = coefficient for the general
Liouville problem, Eq. A4.
C(r,t) = concentration profile inside the micro-
capsule.
Cy = initial concentration in the core region of
the microcapsule.
Cy, = concentration in the external bulk fluid
surrounding the microcapsule.
C, = concentration in the external surface of
the microcapsule.

Sturm—
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D, = effective diffusion coefficient in the
inner core.
D, = effective diffusion coefficient in the

outer shell.

D(x) = dimensionless diffusion coefficient as a
function of the dimensionless radial
distance inside the microcapsule, defined
by Eq. A10.

L = Sturm-Liouville differential operator.
L,[0,1] = space of Lebesgue-square integrable
functions in the interval x € [0,1].
M, M>, My = matrix elements in the eigenvalue
problem, Eq. A22.
Py, = partition coefficient for the diffusing
substance between the core and shell.
P, = positive coefficients in the inner product
Eq. A2.

p(x) = coefficient in the general Sturm-—
Liouville operator, Eq. Al.
r = radial coordinate inside the micro-
capsule.
R, = radius of the core.
R, = external radius of the microcapsule.
t = time

v (x) = eigenfunction for the Sturm-Liouville
problem, Eq. 13.
x = r/R, = dimensionless radial distance.
X; = R|/R, = ratio between the inner core and external
radii of the microcapsule.

Greek letters

O, 1) = (C(r, 1) — Cy)/Cy = dimensionless concentration.

o = dimensionless coefficients, defined in
Eq. 14.

v = D,/D| = ratio between the effective diffusion
coefficients of the external shell and
inner core of the microcapsule.

Ax = eigenvalues of a  Sturm-Liouville
problem.

T = tD,/R% = dimensionless time.

o = ratio between the shell and core initial
concentrations.
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Appendix

As shown by Ramkrishna and Amundson,88 most transport
problems in one-dimensional, multilayered systems can be
solved by obtaining the eigenvalues and eigenfunctions of a
second-order Sturm-Liouville operator, generally defined by

N 1 d

d
= & [p(x)au} +qgx)u 0<x<1, (Al

and operating over functions u(x) in a subspace of L,[0,1].

If the functions p(x) and p(x) are piecewise continuous,
except in a countable, zero measure set of points 0 < x; <
X3 ... < x, < 1, a generalized inner product can be defined®®
between functions u, v in the domain of L

X

/ () u(x)v(x)dx.

Xi=1

n+1

(u,v) = ZPi

(A2)

Here, the P; are strictly positive numbers, whose ratio
Piiv1 = P;1/P; defines the partitioning of solute between
the different media separated by the interface located at x;.
The functions u(x), v(x) belong to a subspace of L,[0,1],
where L is self-adjoint with respect to the inner product
Eq. A2, ie., <L:u,v> = <u,£v>. Integration by parts allows
one to readily show that
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<I:u7v> -

(u,Lv) = P,ap(1)[u(1)V' (1) — / (1)v(1)]
— P1p(0)[u(0)v'(0) — '(0)v(0)]

+ Z Picap(x) (o) () — o (5 v(x7)]
= Pip(o ) [u o )/ () — o (o v(x)]] - (A3)

and the self-adjoint property of L is ensured provided that
the boundary conditions on u#(x) and v(x) are chosen such
that the right-hand side of Eq. A3 vanishes.

In spherical and cylindrical geometries, when angular in-
dependence can be assumed, separation of variables or finite
Fourier transform methods leads to the same general Sturm—
Liouville form Eq. Al, where x represents a normalized ra-
dial coordinate and the functions p(x) and p(x) can be writ-
ten in the general form

p(x) = x"e(x), px)

where m = 1 for cylinders, and m = 2 for spheres. In diffu-
sion problems c(x) = 1, and k(x) corresponds to a spatially
distributed diffusion coefficient.

It is straightforward to show that, given the generalized
expression for p(x) in Eq. A4, a sufficient set of boundary
conditions to be imposed on the functions u(x), v(x) for the
right-hand side of Eq. A3 to vanish is given by

Prp(D)[u(1)V' (1) — /' (1)v(1)]
= P1p(0)[u(0)'(0) — ' (0)v(0)] =0 (AS5)

= " k(x), (A4)

Piu(x") = Pioyu(x;’) (A6)
KO ) 5 () = k) S0 (A7)

This choice corresponds precisely with the physical condi-
tions of partition of solute, as well as continuity of the mass
flux at the interface between each pair of radial layers.

In particular, for the spherical shell geometry represented in
Figure 2, the normalized radial coordinate is naturally defined
by x = r/R,, whereas the location of the interface is given by
x1 = R/R,. Defining P, = P,/P; as the partition coefficient
between both materials and choosing the value P; = 1 for the
coefficient in the generalized inner product, Eq. A2 reduces to

X1 1
(u,vy = | Pu(x)v(x)dx + Py [ Pu(x)v(x)dx  (A8)
/ /

Solution method

In this section, we present in detail the mathematical anal-
ysis which provides the analytical equations presented in the
main text.

For the mathematical treatment, it is convenient to define
dimensionless variables, as follows

x=r/Ry t=1tD|/R5 y=Dy/D; x1=R|/Ry (A9)
_J 1 0<x<x
B(x)_{y oex <1 (A10)
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We also define a dimensionless concentration profile

®(x,7) = (C(r,1) = C¥(r))/Co (A11)
Here, C*(r) is the steady-state solution of Eq. 2, as
defined in Eq. 7.
In dimensionless form, the differential Equation (2), with

its initial, continuity and boundary conditions becomes

10 [, 00\ o0
Zox (x D(x) 5) =5 (A12)
(CO—P”Cb)/Co 0<x<x
D(x,0) = (A13)
(6Co — Cv/P2)/Co  x1 <x<1
oD ,
I (1,7) = —=Bi Py, ®(1,7) (A14)
O(x;,7) = P®(x], 1) (A15)
oD o)
oy D) =15 (1) (A16)
lim (I)(x 7) = finite (A17)

x—0

To solve the problem, we need to find the orthonormal set
of eigenfunctions v(x) and the corresponding eigenvalues A
of the self-adjoint differential operator L, defined as

- 1d ([, dv
Lv= A (x B(x)a) =Av

The eigenfunctions must satisfy the continuity and bound-
ary conditions

(A18)

v(x) = Plzv(xf)

dv, _

) =12 6h)

o (A19)
dx( )+BlP2bV(1) 0

lm(l) v(x) = finite

The third boundary condition in Eq. A19, as well as the
condition at the origin, are satisfied if the eigenfunctions are
of the form

B, VA 0< x<x
vix)= sin( (1—x ) » cos((1—x y
( ) BZ[ <<1 \>m> - IE/PZ% (<1 x> A/,):| xp<x < 1

(A20)

By applying the first two continuity conditions in Eq. A19
to the expression Eq. A20, we obtain a linear system for the
coefficients B, B>

{sin(xlx/z) Mlz(/l)} (Bl> _ (0)
Mz[(/l) Mzz().) BZ 0
Here, the elements of the matrix are explicitly given by

the formulas

(A21)

DOI 10.1002/aic 2963



mcos((l —x1) i/y)

M (1) = P12|: 4/
—sin((l —x1) i/y)}

My (1) = \/ATxl cos (x1 ﬁ) — sin()q \/I)

Mayp(L) = y{\/%xl Cos((l —x1) /l/y)

+sin((1 —xl)\/M)

+%{\/%xlsin((l—xl) /1/«/)
fcos((lfxl) A/’y)}} (A22)

For the linear system Eq. A21 to have nontrivial solutions,
the determinant of the matrix in Eq. A21 must vanish. This
condition provides a characteristic equation to obtain the
(infinitely many) eigenvalues /7, k = 1,2, ..., oo

sin (x1 x/)f) _ MM (2) (A23)

Moy (A)

From the linear system Eq. A21, we find B>(4) =
B (A, and substituting into Eq. A20, we obtain the final
expression for the eigenfunctions

vk(x) = Bl (Ak)

—Sin('if/m 0<x<ux
X O Ve OS2y
Ok Sln((l 1)2 ;uk/’) - 171:;/;1'005((1 xv) M'> n<x<l1
(A24)
Here, the constants o are defined by
sin (x;v/Zx)
oy =
k . \ ]y
P, sm((l —xl),/ik/y) *1—P2b3icos((1 —x1)\/ 4 //)
(A25)

Pu cb) (sin (V) i cos(viv/E)

oo =00 (1555 (5 Vh

The value of the coefficient B (/) is obtained by impos-
ing the normalization condition over the eigenfunctions,
(vi» Vi) = 1, to obtain

- o225

sin(20v/7/7)
A
cos(z Ak/y(l—xl))—l

T S PwBi)

sin(2x1 ik/y>
2/ /vy

1
+OC£P12 5 1—x —

1 — X1 +
(A26)

To express the solution, subject to the initial condition
Eq. A13, we use the finite Fourier transform method. For
this purpose, we write Eq. A12 as

)] R
2 _io

o (A27)

Let us calculate the inner product of Eq. A27 with an
eigenfunction v, (x) of L,

i(vk’@ = — (v, LO) = —(Lv, @)

It (A28)

Here, the self-adjoint property of L has been used. After
Eq. A28, we obtain

A v, ®) = — (v, ®)

e (A29)

Equation A29 is a first order differential equation for the
time-dependent coefficient (v;, ®), whose elementary solu-
tion is given by

(i, @) = (g, D)ge H° (A30)

The initial value (v, @) is obtained from the initial con-
dition Eq. A13, (v, @) = (v, ®(r = 0)). We obtain the an-
alytical expression

1 —x cos((l —xl)m) sin((l _xl)m)

(@}

]

@
—

\/)uk/’y a /11(/”/

(1 *M)\/W) x| sin((l —Xx1) )»k/‘/)
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The final solution is therefore given by the series

- Kl - Qﬁ) (Sin(x1\//1_k) X COS(XI\/’Tk>>

O(x,7) = > Bi(A)

= P2bC0 )/( \/Z
( 1 Cb) 1—x cos((l —x1) /lk/y) sin((l —X1) )Lk/y)
+ (0 ———|Poou —
P2y, Co ]y Ay
e l—cos((l—xl)\//lk/y) X1 sin((l—xl) )vk/y) ,
_ : - e Ty (x)  (A32)
1 — PyyBi )u](/'y )L/‘/w/
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